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Abstract 

In this work, we consider infinite dimensional extensions of some finite 
dimensional Gaussian geometric functionals called the Gaussian Minkowski 
functionals. These functionals appear as coefficients in the probability 
content of a tube around a convex set D C R* under the standard Gaus- 
sian law N{0, Ikxk)- Using these infinite dimensional extensions, we con- 
sider geometric properties of some smooth random fields in the spirit of [2] 
that can be expressed in terms of reasonably smooth Wiener functionals. 



1 Introduction and Motivation 

We start with a description of a certain class of set functionals determined by 
the canonical Gaussian measure on M'^. By canonical, we shall mean centered 
and having covariance Ikxk- Its density with respect to Lebesgue measure on 
R'^ is therefore given by (27r)~'^/^e~ll^ll 



The set functionals, formally defined in (1.5 1, arise in certain statistical 
problems involving a smoothly parameterized set of regression models. Our 
motivating example begins therefore with a reasonably smooth subset M C M" 
which smoothly indexes a family of linear regression models. Such linear models 
are often used in statistical analysis of fMRI data as championed by the late 
Keith Worsley [25l [27l [26] . More precisely, for each x G M, consider a linear 
regression model given by 

p 

Yi{x) ^^aijl3j{x) + Zi{x), i = l,...,n, (1.1) 

i=i 

where, for each x e M, Yi{x) is an observation corresponding to the i-th sub- 
ject, {f3j{x)) is a p- vector of unknown coefficients and (a^j) is a design matrix 
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(a) ^^^^ (b) ^^'^ 

(c) ^^^^^ (d) ^^^^ 

Figure 1.1: Cortical thickness (mm) of n = 321 normal adults on the average corti- 
cal surface, (a) Smoothed cortical thickness of a single subject; (b) average cortical 
thickness of the 163 males minus the 158 females; (c) pooled within-gender standard 
deviation of the difference in (b) (df=319); (d) two-sample T-statistic, (b) divided by 
(c), (df=319). 



(known), and finally (^i(-)i ■ ■ ■ j^n(-)) independent copies of a mean zero, 
unit variance, Gaussian random field. Above, M plays the role of the surface of 
an average/standard brain, and {Yi{x)) are some measurements corresponding 
to various subjects, at each point x on the surface of the brain. The func- 
tion /3 : M ^ MJ' represents coefficients of various parameters in the regression 



model (1.1). For instance, {Yi{x), . . . ,Yn{x)) could be the cortical thickness, 
(ai, . . . , a„) could be a particular covariate such as the IQ score or gender. In 
this case, /3{x) e M represents the coefficient of linear dependence of the co- 
variate of interest and the cortical thickness at some location x £ M. A more 
realistic model would also control for covariates with perhaps I3i{x) being the 
first coordinate of I3{x) in such a model. Figure 1 from [12] depicts a typical 
application of such models. In this figure, the covariate of interest is chosen to 
be gender as a demonstrative example. The reader is referred to the works of 
[TOl [251 E71 for more detailed examples of applications. 

Once the model is set, a common approach in such models is to consider a 
family of hypothesis tests {Hq^x)x&m indexed by M . This is typically done in 
the usual regression fashion, by testing various contrasts, or affine functions of 
{I3j{x)). For instance, the null hypothesis Hq^x ■ (3i.x = is typically tested via 
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the T-statistic ^ 

T{x) = 

with SE{fii^x) being the usual unbiased estimate of the standard deviation of 
Pi^x- Under H^^x, standard results show that T[x) has a Student's T distribution 
with n — p degrees of freedom. Under the intersection null Hq = r\xeMHQ^x^ 
the random field marginally has a T distribution at each location and has a 
particular structure. Such a random field was termed a T random field in 
|25j with n — p degrees of freedom. Following the discussion in p[5] . one way 
of approaching the multiple testing problem with hypotheses {Hq^x)x£M is to 
apply Roy's Union-Intersection Principle and use maximum of the random field 
to calibrate the Family Wise Error Rate. In particular, finding such that 

Pho sup T{x) >tA^a 

should be powerful at detecting small regions with marked departure from i?o,a; 
within the region. Above, indicates that the probability should be computed 
under the intersection null -ffg = (^xgmHo^x- In what follows, all calculations 
will be carried out under the intersection null so we will drop the reference to 
Hq. In fact, in what follows H will usually refer to the Cameron-Martin space 
of an abstract Wiener space and will have nothing to do with hypothesis testing 
after the end of this section. 



1.1 Expected Euler characteristic heuristic 

Using the Euler characteristic heuristic developed by Robert Adler and Keith 
Worsley (c.f. e.g. [U [551 113 US]) and described in great length [5], one can 
approximate the above probability by E(x(At(T; M))), where At{T; M) = {x S 
M : T{x) > t} <Z M, and x is the Euler-Poincare characteristic, which brings 
us to the central theme of this paper. 

Let M be an m-dimensional reasonably smooth manifold, with (i^i, . . . ,^k) 
identically and independently distributed copies of Gaussian random field de- 
fined on M. Subsequently, for any F : K'^ — >■ M, with two continuous derivatives, 
we can define a new random field on M given by f{x) = F{^i{x), . . . ,S.k{x)), 
for each x G M. For instance, the test statistic T{x) in the cortical thickness 
example above can be expressed as some fixed function F : M" — >■ M of the 
{Zi{x), . . . , Zn{x)) under Hq ^ with the same function being applied at each 
X G M. Hence, the entire random field {T{x))xeM can be expressed in the form 

T{x) = F{Zi^x, ■ ■ ■,Zn,x)- 

Using the above Euler characteristic heuristic for approximating P-value for 
appropriately large values of u, and Theorem 15.9.5 of [2], we have 

P fmax/(:E) > ^.'j « i? (x(A,(/; M))) = Y.{2n)-= C,{M)Mf {F-\u,^)), 

^ ^ j=0 

(1.2) 
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where Cj{M), for j = 0, 1, . . . , m are the Lipschitz-Kihing curvatures (LKCs) 
of the manifold M defined with respect to the metric m(iwce(|^ by on M, 
and A^J*" [u, oo)) for j — 0,1, . . . are the Gaussian Minkowski functionals 
(GMFs) of the set F-^[u,oo) C M.''. 

The LKCs for a large clas^ of subsets of any finite dimensional Euclidean 
space, can be defined via a Euclidean tube formula. In particular, let M C M*^ be 
an m-dimensional set with convex support cone, then writing Afc as the standard 
A;-dimensional Euclidean measure, Bk as the /c-dimensional unit ball centered 
at origin, for small enough values of p, we have 

™ (ri-i)/2 ™ n-j 

x,{M + pB,) = y: ^A_n^^,, p''-'^Mi) = y: ^f— v^0„_,(Af), (1.3) 

j=Q ^ I 2 '^f j=0 ^ ■"' 

where Cj{M) is the j-th LKC of the set M with respect to the usual Euclidean 
metric, and dj{M)^s are called the Minkowski functionals of the set M. Note 
the relation between LKCs and the Minkowski functionals. At first glance, 
the simple change in the ordering, connecting the LKCs and the Minkowski 
functionals, appears redundant, but a closer look at the two sets of functionals 
reveals that the LKCs are invariant of the space into which M is embedded [23] , 
whereas Minkowski functionals are not. 

Geometrically, LKCs for a smooth (fc— l)-dimGnsional manifold M embedded 
in K'^ , can be defined via integrals of various functions of the eigenvalues of the 
corresponding shape operator, which are also called principal curvatures. In 
particular, C^-iiM) is the (fc— 1) -dimensional Lebesgue measure of the set M, 
and the other LKCs can be defined as 

Cj{M) = — — / Pk-i-j{\i{x),. . . ,\k-i{x))'Hk~i{dx), 

Sk-j{k-l- jy. Jqm 

where Sj is the surface area of a unit ball in M-' {Xi{x), . . . , Afc_i(a;)) are the 
principal curvatures at x G dM, obtained using the outward unit normal field, 
and Pi{Xi{x), . . . , Afc_i(a;)) is the i-th symmetric polynomial in (fc — 1) indices. 
In case, when the set M is not unit codimensional, then the definition involves 



another integral over the normal bundle. Using the relationship in ( 1.3 ), we can 
similarly define the Minkowski functionals using the principal curvatures. These 
LKCs and Minkowski functionals also give rise to what are commonly known as 
generalized curvature measures, defined on the sphere bundle S(M) which we 
can identify with a subset of S'(M'^) x M'^ which we can take to be the sphere 
bundle of M.'' with the Euclidean metric. Formally, the generalized curvature 
measures induced by the LKCs of a smooth manifold M of unit codimension. 



^Let X and Y be two vector fields on M, then the metric g induced by a real valued Gaus- 
sian random field t; is defined as g{X,Y) = E{X^Y^), where X^ and Y£^ are the directional 
derivatives of 

■^The tube formula holds true for all sets of positive reach, as defined in (4j, which are 
essentially sets with convex support cones (see [2]). 
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are given as 



Cj{M;Ax B) 
1 



lA(-??(a;))Pfc_i_j(Ai(a;), . . . , Afc_i(a;)) Uk-iidx), 

IdMnB 

(1.4) 

where Ax B d S'(M'^) x E*^ is any Borel set and 77 is the outward pointing unit 
normal vector of dM . When the set dM has codimension higher than 1, the 
integral over the normal bundle induces another measure on S^~^ . In the above 
example, this integral over the sphere in the normal space simply evaluates to 
lA^—rjix)). The corresponding Minkowski generalized curvature measures are 

given as Qj[M;A) = {j\ujj)Lk-j{M; A), where uij is the volume of a unit ball 
in W. 

The generalized curvature measures defined this way, are therefore signed 
measures induced by the Lebesgue measure of the ambient space. By replacing 



Lebesgue measure in (1.31, by an appropriate Gaussian measure, we can define 
a parallel Gaussian theory. In particular, let us again start with a smooth set 
M C M'"', together with the canonical Gaussian measure 7^. on M*^. For this 
measure, we could consider computing the probability content of a tube around 
M , leading us to a Gaussian tube formula which we state as 



7fe(M + pBu) = ik{M) + ^ P^Mf (M), (1.5) 
where Ml''{M) is the j-th GMF of the set M. If M is compact and convex, 



i.e. if M is a convex body, then we can take the right hand side (1.5 1 to be 
a power series expansion for the left hand side. For certain M, this expansion 
must be taken to be a formal expansion, in the sense that up to terms of some 
order, the left and right hand side above agree. For example, if M is a centrally- 
symmetric cone such as the rejection region for a T or F statistic, then M has 
a singularity at the origin in the sense that the geometric structure of the cone 
around is non-convex and the expansion above is accurate only up to terms 
of size 0(p""i). 

These GMFs can also be expressed as integrals with respect to generalized 
curvature measures induced by the Minkowski functionals defined above. In 
particular, 

Mf{M) ^ (2^)-'=/^ 5^ ( \ e„+i(M,i/,_i_„((,y,x))e-N^/2), (1.6) 

where Q^^iiM, i?j-i-„i(('7, a;))e^l^l^/-^) is the integral of a;))e~l^l^/^ 
with respect to the (m + l)-th generalized Minkowski curvature measure, and 
Hk{y) is the fc-th Hermite polynomial in y. 

We refer the reader to [2] for more rigorous geometric defintions of Minkowski 
functionals, generalized curvature measures and so on. 
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1.2 Our object of study: a richer class of random fields 



In this paper we intend to extend (1.2) to a larger class of random fields / 



which can be expressed using F : Co[0, 1] — >■ K, where Cq[0, 1] is the space of 
continuous functions / : [0, 1] — > M, such that /(O) = 0, also referred to as the 
classical Wiener space, when equipped with the standard Wiener measure on 
this sample space. In other words, we shall consider random fields which can 
be expressed as some smooth Wiener functional. For instance, let us start with 
a smooth manifold M together with a Gaussian field {B^{t) : t E ]R+,.t e M} 
defined on it, such that the covariance function is given by 

E{B-{t)By{s))^sMC{x,y), (1.7) 

such that C : Af X M — > E is assumed to be a smoothjf] function. This infinite 
dimensional random field can be used to construct many more random fields on 
M. For instance: 

Example 1.1 (Stochastic integrals) Let V : M. ^ M. be a smooth function, 
and consider the following random field 

/(x)= [\{B%s))dB%s) = F{B%-)) (1.8) 
Jo 

where F : Cq R is the Wiener functional 



F{u)=(^j\{B{t))dB{t)^ {lo). 



This is clearly an extension of the random fields in (1.2 I. As a consequence of 
our extension of the Gaussian Minkowski functionals to smooth Wiener func- 
tionals, we prove that, under suitable smoothness conditions on V 

dim(M) 

E{xiAM;M)))= {27r)-^^'C,iM)M^iF-'[u,+^)). 

Our smoothness conditions are rather strong in this paper: we assume V is 
with essentially polynomial growth. We need such strict assumptions to ensure 



regularity of various conditional densities derived from the random field (1.81 
and its first two derivatives at a point x G M . 



A quick look at (1.2) reveals that in order to extend it to the case when 



F : Co [0,1] —7- M, we must be able to define GMFs for infinite dimensional 



subsets of Co[0,l], as F^^[u, oo) C Co[0, 1]. In the present form, i.e. (1.6) 
the definition of GMFs appears to depend on the summability of the principal 
curvatures of the set d{F^^[u, oo)) at each point x E d{F^^[u, oo)) as well as the 



•^More precise statements regarding the order of sm oothness of C will appear later in 
Section |6] where we actually prove an extension of ( |1.2[ | 
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integrability of these sums. In infinite dimensions this summabihty requirement 
is equivalent to an operator being trace class. This is quite a strong requirement, 
and may be very hard to check. Indeed, the natural summability requirements 
of operators in the natural infinite dimensional calculus on Cq, the Malliavin 
calculus, is Hilbert-Schmidt class rather than trace class. 



Therefore, we shall first modify the definition of GMFs, from (1.6) to one 
which is more amenable for an extension to the infinite dimensional case. This 
will be done in Section [21 

After setting up the notations and some technical background on the Wiener 
space in Section [S] the all important step, that of extending the appropriate 
definition of GMFs to the case of codimension one conwe:^ smooth subsets of 
the Wiener space, is accomplished in Section [5] The characterization of GMFs 
in infinite dimensional case, will be done precisely the same way as in the case 
of finite dimensions, where, as noted earlier, the GMFs are identified as the 
coefficients appearing in the Gaussian tube formula. 

Finally, in Section (6] we use the infinite dimensional extension of the GMFs 



to obtain an extension of (1.2), for random fields which can be expressed as 
stochastic integrals driven hy B^{-) as defined in Example |l.f[ and discuss other 
possible implications of the extension. 

Remark 1.2 Most of our methods are invariant to the formulation of the ran- 
dom field as a stochastic integral. Hence, should a random field satisfy all the 
regularity conditions appearing in Section we expect our methods to work 
smoothly, though with a few changes. 



2 Preliminaries I: the finite dimensional theory 

In this section we shall use the standard finite dimensional theory of transforma- 
tion of measure for Gaussian spaces to establish the Gaussian tube formula, and 



thereby identify the GMFs. In the process, we shall modify the definition (1.6 1 
of the GMFs to one which is more suited to extension to the infinite dimensional 
case. 

We begin by recalling some well-known facts about finite dimensional Malli- 
avin calculus, emphasizing that standard objects, such as the Malliavin diver- 
gence, are really just Riemannian objects. We shall start with M*^ equipped with 
the Riemannian metric 

i-,-)^, =exp(-||x||Vfc)(T), 

where (•, •) denotes the standard Euclidean Riemannian metric. It is easy to see 
that the Riemannian measure induced by this metric is the Gaussian measure 
(after appropriate normalization). Let V{x) — X^iLi be a vector 

field on M'"', where {Ei{x)) is the canonical orthonormal basis of the tangent 



''More precisely we should say _ff-convex here, as our sets will be the excursion sets of 
-ff-convex Wiener functionals [5] 
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space at a; G M*^. The Riemannian divergence of V, under this metric, evaluated 
at point a; G M*^ is given by 



(div(y))(x)=.^^-5]y.(x)x.. 



For reasons, made expUcit in the subsequent sections, we shaU denot(|^(5(y) = 
(-l)div(V^). 

Following is the key theorem that connects the definition (f.6l of GMFs to 
its refinement, which we shall use in extension to the infinite dimensional case. 

Theorem 2.1 Let -fk be the Gaussian measure onM.'' andT be a mapping from 
into itself, given by T = I-g_k + u, where I-g_k is the identity map on M'^', and 
Sobolev differentiable and \u{x) — u{y)\ < c{p)\x — y\ for any 
X, y e M*^ with \x — y\ < p. Then, the Radon-Nikodym derivative of °T with 
respect to the measure given by 



|det2(/Rfc + Vu)| exp 5{i 



where \\ ■ \\ is the usual Euclidean norm, and det2 is the generalized Carleman- 
Fredholm determinant given by 

det2(/R. + Vu) = nti(l + A,)e-^', 

where are the Eigen values of the operator Vu. 

This, and a much stronger result with Sobolev differentiability of u replaced 
by the local Sobolev differentiability, can be proven using the standard theory 
of transformation of Gaussian measure on M'^ , which can be found in Chapters 
3 and 4 of [22]. 

Subsequently, for a smooth, unit codimensional, convex set A (ZR^ , let us 
define the tube Tube(^,/9), of width p around the set A as the set (A©i?(0,p)), 
where B{0,p) is the fc-dimensional ball of radius p centred at origin, and © 
is used to denote the Minkowski sum of sets. Next, we shall define a signed 
distance function given by 

{MyfzQA \\y - x\\ for x ^ A 
for X € OA 

- iniy^dA \\y - x\\ for x E Int(A) 

where Int(y4) denotes the interior of the set A. 



^Note that S{V) is synonymous to the finite dimensional version of the Malhavin divergence. 
Therefore, 5{Ei), for 1 < « < A;, are i.i.d., unit variance, Gaussian random variables with mean 
0. 
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Applying the co-area formula 
7fc(Tubc(A,p)) =7fe(A)+ 

= lk{A) + 



^,^^„-V.exp(-||.f/2) 



Jd-/ir) ' (27r)"/2 

" r expHNLV2) 
7,-i(,) (2^)«/2 



dx dr 



(2.9) 



■ dx dr. 



For r < p fixed, we can now apply Theorem [27T] with any suitable transformation 
Tr -.Mf' ^ Mf" that agrees with 

X ^ X + r rjx 

on {y : dA[y) G (— i/, p)} for some small positive v. Any such transformation 
maps Tube((i^^(r), e) to Tube(9A, e) for r < p and any t < v. Two further 
applications of the co-area formula yield 



exp(-||x|p/2) , .. 1 
dx — iim 



d-M (2^)"/' 



expH|y||V2) 



;o 2e 7Tubc(<i-i(r).£) (27r)"/ 

'Tubc(aA,e) 

exp 



= lim , 

e^o \ 2e 



det2(/R)c + rV'^dQA) 

1 2Xexp(-||y||V2) 



= / det2(/Hfc +rV'^dQA) 

JdA 

( . 1 2Aexp(-||a;||V2) 

exp I - r(5(Vo(aA) 

Therefore, equation (2.9) simplifies to 



(27r)"/2 



dy 



dx. 



7fe(Tube(^,p)) =7fc(A)+ / / det2 rV^dg^) exp (- r5(VdaA) - 

^expO^,,,,. 
(27r)"/2 

(2.10) 

Using a yet-to-be justified Taylor series expansion of the integrand appearing 
in the above integral, we can finally rewrite the GMFs as 



d^ 

OA dpi 

dAi 



(det2(/-KpV77) exp(-p,5(77) -pV2) 



p=0 



xda'^'^ix) 



(2.11) 



where rj — Vdg^, is the outward unit normal vector field to the set dA at point 
X € 9A, V77 is the gradient of the vector field 77, and da^^ is the surface measure 
of the set dA. 
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Remark 2.2 Note that in the above expression, we have removed the modulus 
around the dct2 part, which can be justified by taking reasonably small values of 
P- 



Clearly, for the existence of GMFs, as it appears in (2.11 ), it suffices to have 
Xf < oo, which is a much weaker condition than the summability of the A^'s, 



and as will be seen in the subsequent sections a more natural condition in the 
Malliavin calculus. This makes (2.11) stand out as the appropriate candidate 
for the extension to the infinite dimensional casel£l 

We shall note here that, exactly the same approach, together with a few 
changes, can be applied to define GMFs of piecewise smooth manifolds, which 
shall be presented with complete details in Sections [4] and [5] 



3 Preliminaries II: the infinite dimensional the- 
ory 

In this section, we recall some established concepts in Malliavin calculus which 
we shall need in later sections. We begin with an abstract Wiener space 
(X,H,fi), where H, equipped with the inner product (•,•)//, is a separable 
Hilbert space, called the Cameron-Martin space, X is a Banach space into 
which H is injected continuously and densely, and finally fi is the standard 
cylindrical Gaussian measure on H. For the sake of simplicity, one can appeal 
to the classical case when we have H as the space of real valued, absolutely 
continuous functions on [0, 1] with i^([0, 1]) derivatives, which is continuously 
embedded in X — Co([0, 1]) the space of real valued continuous functions / on 
[0,1], such that /(O) = 0. 

3.1 Sobolev spaces on Wiener space 

Let us denote by S{E) the space of smooth E valued random variables, for some 
Hilbert space E, such that a random variable F e S{E) has the form 

F = f{{hl,L0),...,{h^,L,)), 

where hi, . . . , e H , f e Cg"(M"; and n = 1,2,.. .. Typically, we shaU 
take E as M*^ or (E)™H. In particular, for F E S{M.), the Gross-Sobolev derivative 
of a real valued F is defined as an i/- valued random variable given by 

n 

DF = Y,dJ{{hi,Lo),...,{h^,uj))h,. 

1=1 

Similarly, one can also define the Gross-Sobolev derivative of an ^"^H valued F 
as an valued random variable, written as DF. The derivative defined 

^For a detailed, historical and technical, account on the issue of choosing the second def- 
inition as the appropriate one to extend to the infinite dimensional case, we refer the reader 
to the introduction of Chapter 3 of |22| . 
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above is sometimes also referred to as Shigekawa's iJ-derivative. Considering it 
as an operator from S{M.) to S{H), it can be seen (cf. pi) that the operator is 
closable from LP{X) to LP{X; H) for any p > 1. 

Writing D^F = D{D . . . {D{F))), we shall define Dl{X;R) as the space of 
functions / G Lp{X) such that 

k 

WfWol = II/I|lp(X) + \\D'f\\L.(x,».H) < oo, (3.12) 

for p > 1 and k = 1,2,.... This definition can naturally be extended to 
D^(X;R'^) with the understanding that for E, a Hilbert space equipped with 
the norm || • \\e, the appropriate norm for g e L^^X; E) is defined as 

\\9\\Lnx:E)^{E{\\9rE)Y'r 

Writing 5 for the dual of D under the Gaussian measure, the Ornstein- 
Uhlenbeck operator L can be written as, L = —5D. Using the well known 
Kree-Meyer inequalities, we can equivalently define the space D^{X\M) as the 
class of functions / G LP{X) such that 

||/||p,fe = ||(/-Lf/VllL.m<oo. 

This second definition lets us extend the definition of the Sobolev spaces 
DP^{X;M.), to fractional, as well as negative, values of a (cf. [23j). The Sobolev 
spaces D^^{X;R) for a > 0, as in the case of Euclidean space, are the spaces 
of distributions, defined as the dual of D'^{X;R) where, as usual, ^ + ^ = 1. 
Throughout this paper, whenever appropriate, we will adopt this convention. 

The space of test Wiener functionals defined above as 5(E), is equivalent to 

a>0 l<p<oo 

and its dual, the space of generalized Wiener functionals^ is given by 

D'-lo-U U 

Q>0 l<p<C30 

Consequently, let us define the analogous infinitely integrable random vari- 
ables as 

L°°-{X;R)^ Pi LP{X;R). 

l<p<+oo 

Furthermore, we shall write D;f-(X;M) = ni<^p<^^DP{X;R), and (X; M) = 
Ui<p<oo-D^„(^;M). 

Finally, we shall end this section with another definition which translates to 
the regularity of Wiener functionals. 

Definition 3.1 For an R'^ valued Wiener functional F ~ {Fi,...,Fk), the 
Malliavin covariance (matrix) — {{DFi, DFj) H)ij , and the functional F 
itself, is called nondegenerate in the sense of Malliavin if (deta^)^^ G , 
whenever detcr^ is well defined. 
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3.2 H-Convexity 



As is shown in [2], the GMFs are well defined for finite dimensional Whitney 
stratified manifolds. In order to characterize the class of subsets of the Wiener 
space, for which we shall define the GMFs, we shall recall the notion of H- 
convexity. 

Definition 3.2 An H-convex functional is defined as a measurable functional 
F : X ^-.RU {oo} such that for any h,k e H, a £ [0, 1] 

F{uj + ah+{l-a)k) <aF{uj + h) + {l~a)F{uj + k) a.s. (3.13) 

We shall note here that, H-convex functionals encompass a fairly large class 
of Wiener functionals. For instance, let / : E — ^ M be a real, convex function, 
then F{u}) — fi'^t) dt, is a valid i?-convex Wiener functional, whenever the 
integral is well defined. 

Some of the properties of i7-convex functionals are listed below. 

1. Any measurable convex functional defined on A", is iJ-convex. 



2. To verify iJ-convexity, it suffices to verify the condition (3.13) for k = —h 
and a = 1/2. 

3. If {fnjneN is a sequence of iJ-convex functionals converging in probability, 
then the limit is also 77-convex. 

4. F G LP for some p > 1 is H-convex if and only if D^F is a positive and 
symmetric Hilbert -Schmidt operator valued distribution on X. 

For the proofs of the above properties, we refer the reader to [531 HH 
We shall discuss more about H-convex functionals in the later sections. 



3.3 Quasi-sure analysis 

In this section, we shall resolve some technical aspects of defining integrals 
of Wiener functionals with respect to measures concentrated on /i-zero sets. 
Clearly, all Wiener functionals are de facto defined up to /i-zcro sets. Therefore, 
in order to be able to define the integral of Wiener functionals with respect to 
measures which are concentrated on sets where the functionals are not very well 
defined, we must resort to what is referred to as quasi-sure analysis. 

The building blocks for quasi-sure analysis on the Wiener space are the 
capacities, which are defined in accordance with the Sobolev spaces D^, defined 
above. Following Malliavin [8 and Takeda [T7], we shall define various capacities 
as follows. 

Definition 3.3 Let 1 < p < oo and a > 0. For an open set O of X, we define 
its {p, a) -capacity 0^(0) by 

CP{0) ^ inf {||C/||p,« : U £ DP^{X;R), U > 1 fi-a.e. on O}. 



12 



For each subset of A of X, we define its {p, a) -capacity by 

CP{A) = inf {CP{0) : O is open and O D A}. 

These capacities are finer scales to estimate the size of sets in X than /i. In 
particular, a set of {p, Q!)-capacity zero is always a /i-zero set, but the converse 
is not true in general. Moreover for any open set O C X, and < a < /3 

which follows from the hierarchical embedding of the Sobolev spaces DP{X 
as a function of p and r. 

A property tt is said to be true (p, Q;)-quasi-everywhere (q.e.), if 

C^{7T is not satisfied) = 0. 

Definition 3.4 // (p, a) -capacity of a set A vanishes for all 1 < p < oo and 

a > 0, then the set A is said to be a slim seiQ 

Remark 3.5 The capacities defined above, as is clear from the definition, are 
also connected to the Sobolev distributions. Let us define 

= {i^ G D"^^ : V is a positive measure, and \\v\\q^^a ^ 1}: 

where +p^^ = 1. Then, for any Borel set A of the Wiener space, 

CP (A) ^ sup i^iA). 

Remark 3.6 Another way of defining capacities of sets is, by first defining 
capacities of Wiener functionals i.e., for a [0, oo]-valued lower semi-continuous 
(l.s.c.) Wiener functional h, its {p, a) -capacity is defined as 

CS(/i) = inf {||.9||p,„ : geDPjX;R),g>hfi^a.e.}. 

Then, for any [— oo, oo]-valued Wiener functional f , its {p, a) -capacity is defined 
as 

CP if) = inf{CS(/i) : h is l.s.c. and h{x) > |/(a;)|Va;} 

One of the most crucial steps in obtaining the co-area formula in the Wiener 
space, which in turn is a necessary step to obtain the tube-formula in the Wiener 
space, is to be able to extend ordinary Wiener functionals which are defined up 
to /i-zero sets, to sets of capacity zero. Quasi-sure analysis lets us do precisely 
that, and much more. 

^For a detailed account of this and more on redefinitions and quasi-sure analysis, we refer 
the reader to Chapter IV of [8j. 
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Definition 3.7 A measurable functional F is said to have a (p, a) -redefinition 
F* , satisfying 

F* — F fi ~ a.s., and 
F* is [p^ a) -quasi- continuous ^ 
if for all e > 0, there exists an open set of X , such that 

< e 

and the restriction of F* to the complement set is continuous under the norm 
of uniform convergence on X . 

It can easily be seen that two redefinitions of the same functional, differ only 
on a set of (p, Q;)-capacity zero, thereby implying the uniqueness of a {p, a)- 
redefinition upto {p, a)-capacity zero sets. 

Connecting the redefinition to the order of integrability and differentiability 
of the functional, is the following theorem, the proof of which can be found in 

Theorem 3.8 Every functional F S DP,{X;M.'') has a {p, a) -quasi- continuous 
redefinition, which can be taken to be in the first Baire class. 

Remark 3.9 A {p, a) -redefinition of F is sometimes also referred to as the 
{p, a) -quasi- continuous version of F. 

In what follows in the remainder of this section, we recall some facts from 
the Malliavin calculus that will be helpful in our description of a tube below. 

If a > 1, one can make a statement similar to Theorem |3.8| related to the 
differentiability of F £ £'p(X;E), essentially a form of Taylor's theorem with 
remainder. 

Lemma 3.10 Suppose F e DP{X;R),a > 1. Then, for each he H 
- {F{x + eh) - F{x)) - {DF{x),h)H ^"-^^'"^ 0. 

for any pi < p. 
Proof: Define 

= n {F{x + h/n) - F{x)) G Dl'_^ 

where A = (/ — L)^^^^ is the inverse of the Cauchy operator [8]. For each 
h E H, Xn.h converges in L^^ , so the Kree-Meyer inequalities imply that Yn,h 
also converges in L^^ . A second application of the Kree-Meyer inequalities imply 
that 

\\Yn,h — Ym,h\\LP ~ W^nji — X „i jjPl^ ^ . 

Or, Xnji is Cauchy in Dl'_^ hence its limit {DF{x), h)H G ^'^-i- 1^ 
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Hence, by the Borel-Cantelli property for the capacities C^^ (Corollary 
IV. 1.2.4 of [B]) for each h G H we can extract a sequence e„(/i) such that 

CPlJ\x: lim [Fix + en{h)h) ~ F{x)) = {DF{x),h)] ) = 0. (3.14) 

Corollary 3.11 Suppose F G D^{X;R),a > 1 is non- degenerate and H^o C H 
is a countable dense subset. Then, 

Cl-i(J^x : DF{x) ^Oyhe H^3en{h) -> such that 

\im^(^j^^iF*{x + er,{h)h)-F*{x))-{DF*{x),h)H^ = o| ^ = 0. 

(3.15) 

Proof: The only thing that needs verifying beyond what was pointed out above 
is that 

C^J_,i{x:DFix)^Or)^0. 

This follows from the TchebychefF inequality (Theorem IV. 2. 2 of f5^) applied to 
IjUFll// e -Dq-i and a Borell-Cantelli argument. □ 

There is an obvious higher order version of the Taylor's theorem above which 
we will use the second order version in our description of the tube below. If we 
are willing to sacrifice some moments, we can further specify in Corollary |3.11| 
that the existence of the partial derivatives of F as a limit at x implies their 
existence as limits at x + h for all h e i?oo, < K for some fixed, large K. 

Corollary 3.12 Suppose F g DP^{X;M.) and Hoo C H is a countable dense 
subset. Then, for all pi < p 



: V/ii,/i2 e i?oo,||/ii|| <K3enihi,h2)^0 such 



that 



1™ ( u A F*{x + hi+en{hi,h2)h2)-F*{x + hi))- {DF*{x + hi),h2)H ]=0\]^0. 

n^oo \en(hl, h2) 

(3.16) 

Proof: This follows from the fact that the translation operator 

is a continuous map from to for any pi < p which follows directly from 
the Cameron-Martin theorem. □ 



Remark 3.13 Finally, we note that we can, by choosing Hoc appropriately, 
choose the set, say, A in Corollary \3.12 in such a way that y E A and y + eh G A 
for all h G Hoc o,nd for all e in some countable dense subset o/M. 
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4 Key ingredients for a tube formula 



In this section we shall adopt a step-wise approach to reach our first goal, that of 
obtaining a (Gaussian) volume of tube formula, for reasonably smooth subsets 
of the Wiener space. The three main steps are: (i) characterizing subsets of the 
Wiener space via Wiener functionals, for which tubes, and thus GMFs, are well 
defined; (ii) assurance that the surface measures are well defined for the sets 
defined via the Wiener functionals; and finally, (iii) a change of measure formula 
for surface area measures corresponding to the lower dimenional surfaces of the 
Wiener space. 

We shall first characterize the functionals for which the surfaces measures 
are well defined, subsequently we shall prove a change of measure formula for 
the surfaces defined via such functionals. Finally, we shall define the class of 
sets for which the tube formula and GMFs are well defined by imposing more 
regularity conditions on the Wiener functionals. 



4.1 The Wiener surface measures 

Before we start discussing the infinite dimensional version of a surface measure, 
it is indeed a good exercise to look back to the finite dimensional theory, and see 
what one means by a surface measure with respect to an underlying measure. 



As is evident from equation (2.11), the Gaussian surface measure of an (n — 1) 



dimensional hypersurface I in M" is given by 

-r f , ,exp(-||.T||V2) , , 

Let us start with a reasonably smooth, M*^ valued Wiener functional F = 
(Fi, . . . , Fk). For It = (ui, . . . , Uk) € M*-', we write = n'^^^F~'^{u,). The sets 
{Zu}u£R'' define a foliation of hypersurfaces imbedded in X. 

The surface measures of these foliations Z„ are closely related to the density 
Pi? of the push- forward measure on M.^ with respect to the Lebesgue 

measure on M*^. On M" this comes directly from the co-area formula: given 
: -j> M'' Lipschitz 

expHM^. f f I , exp (-11x11 V2) ^^ 

where 



||F(y)|| = ^det(VF„Vi^,),<,^^.<, 
is the Jacobean of the map F : M" M''". Inserting a Dirac delta on both sides 
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yields 



r exD ('-llxll^/2') 

5u{z) G{x) ' ) ' Hn-k{dx)Hk{dz) 

i(z) (27r)"/^ 



F- 



, exp(-||x||V2) , , 

F-i(«) (27r)«/^ 



That is, we can recover the integral over a particular level set F^^['u) using 
distributions or generalized functions, the result of which is to identify the sub- 
manifold F^^[u) with (5„ o F. This approach, which we now describe, can be 
extended to infinite dimensions using the notion of generalized Wiener function- 
als. 

Heuristically, the density pp can be defined as 

1 1 /" 

pp(u)^\im-, — n{F~^B{u,€)) = -r — / lB{u,e){F{x)) n{dx), 

where B{u, e) is an e-radius ball in M.'', centered at u with volume e'^cok- Noting 
that 

lB(«,.)(-)/(e''^fe)«'5„(-) (4.17) 

the Dirac delta function at u G M'^, leads to an alternative defintion of the 
density as 

Pf{u)^E{6^oF), (4.18) 

as long as we can make sense of the composition Su ° F. For a smooth, real 
valued Wiener functional G, we also expect the following relation to hold 

E[Gd^oF]=E^=''{G)xpp{u), (4.19) 

where E^^"{G) is the conditional expectation of G given F = u, assuming the 
composition Su° F is well-defined. 

Making this heuristic calculation rigorous leads us back to the Sobolev spaces 
of Section [3. 1| where the object SuO F is related to a generalized Wiener func- 
tional, that is, an element of some for p > l,a > through the pairing 

{G,SuoF)jj,^D._^=E[GduoF] 

representing conditional expectation given F = m for any G G . What is left 
to determine is, for a given F which Sobolev spaces contain Su o F. 

The following theorem, the proof of which can be found in [2B] , provides the 
answer, taking us one step closer to defining the surface measure corresponding 
to the conditional expectation. 



17 



Theorem 4.1 Let F be an K'^ valued, nondegenerate Wiener functional such 
that F G Z)J^~(X;K'^) for e> 0, and the density pp of the law of F is bounded. 
Also, let < P < min(e, a) and 1 < p < oo satisfy 

^ ^ ^ ^ nmx{{k + /3- mm{a, e)), 0} ' ^^'^^^ 

and finally, O = {z e M.'' : pf{z) > 0}. Then for G G D1{X;E.), with 
- + - = 1, we have 

C{u) = E{GSuoF)eW^,{0), (4.21) 

where W^{0) is the Sobolev space of real valued, weak j3 -dijjerentiable functions 
which are q-integrable. 

Recall that for F = (Fi, . . . , i^^) e Dj^;, the density pp & W^-{0) (cf.[9]). 
Now using the differentiability of the density pp together with equations ( 4.19[ ), 
(4.21 1, and the algebraic structure of the Sobolev spaces we have 

E^{G) e W^iO), 

for any G G D^{X;'U.) where the function E^{G) is defined as 

E^{G){u)=E^=''{G). 

That is, for each F G _D^^(X;M) there exists a continuous mapping 

E^ ■.Dl{X-R)^Wl{0). 

This in turn induces a dual map 

[E^y : W^^piO) ^ DP_JX; R) (4.22) 

defined via the dual relationship 

(i?^(G'), w)vy9(C)) vyp^(ci) = {G,{E'^)*v)p)'i^(^x-m),d'Ljx:R)- (4.23) 

Informally, this map, sometimes refered to as the Watanabe map (see Section 6 
of Chapter III of [8]), is just composition, i.e. 

(E^'Yv^voF. 



The object {E^)*Su is almost the surface measure needed in (2.11) but it 
is just a generalized Wiener functional, i.e. distribution on X, at this point. 
If we are to justify our Taylor series expansion via a dominated convergence 
argument, we need to know that it has a representation as a measure on X. 

Clearly, for positive G G D^{X;M.), we shall have 

(G, {E^ )* 6u) D?.(X-R),DP_JX-R) = E^-'^{G) > 0. 
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Therefore, {E^)*5u € -D^q,(X;R) defines a positive generalized Wiener func- 
tional which in turn, by using Theorem 4.3 of Sugita [IB] , implies that there 
exists a finite positive Borel measure v^''^ on X, such that 



Jx 



for all G e D1{X;R), with G* its (g, a)-quasi continuous version as defined in 
Section 13.31 

This proves the following corollary. 

Corollary 4.2 Let F be such that it satisfies all the conditions of Theorem 



4-1 then for each u O, there exists a probability measure j/^^" defined on the 
Borel subsets of the Wiener space X, supported on F~^(m), such that, for all 
G e D«(X;E), we have 

E^-^'iG)^ f G*{x)iy^'''idx). (4.24) 
Jx 

The measure ly^''^ defined is a probability measure on the set F~^{u). Using 
Airault and Malliavin's arguments in an appropriate area measure da^", 
corresponding to the measure z^^'" can be defined as 

G*{x)da^''{x)^PFiu) /G*(a;)(det(aj.))i/2zy^'"(dx), (4.25) 



X J 

where ap is the Malliavin covariance matrix. Note that, we attached Z„ to the 
surface measure, whereas the pair (F, u) to the conditional probability measure. 
This is to emphasize that the surface measure depends only on the geometry of 
the set Z„, whereas the conditional probability measure depends on the func- 
tional from which the set is derived. 



We are now in a position to justify at least part of (2.11 1 



Theorem 4.3 Let F be a R-valued nondegenerate Wiener functional such that 
F G Z?^^(X; M'"') and the density pp of the law of F is bounded. Define the 
unit normal vector field rj = DF /\\DF\\h ■ Furthermore, suppose that 

• E (exp {p5{ri))) < oo for p in some neighbourhood of 0; 

• E (exp [p^WD-qW^^u)) < oo for p in some neighbourhood of 0. 
Then, for < p < Pc for some non-zero critical radius 



[ [ det2 (Iff + rDjy) exp (- r5(?7) - ^r^) da ^" dr 
Jo JF-i(u) ^ 2 / 

= E4 / ^(det2iLH + rDrj)eM~rSir^)^ry2)) 



da^ 

r=0 



(4.26) 
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Before proving the above theorem, we shall state a few results concerning 
the regularity of functions of smooth Wiener functionals. 



Proposition 4.4 Let a > and U G D^-{X;R). 

• If exp{U) e LP{X]R), then exp(C/) € D^, where p' = p^{a - a') for 
a' < a. 

• If U > jJL almost surely and l/U € , then 1/U G D^, where p' = 
p'^{a — a') for a' < a. 

We shall skip the proofs of the above as these can be proved by replicating 
the proofs of Theorems 1.4 and 1.5 of Watanabe (j23)). 



Proof of Theorem |4.3[ This is just dominated convergence combined with 
the non-degeneracy of F as well as the following bound (c.f. Theorem 9.2 of 

m) 

|det2(/ + A)| <exp(CP|||.^) 

for some fixed C > 0. 

Note that while using the dominated convergence, we are inherently assum- 
ing the well definedness of integrals of exp {pS{ri)) and exp (p^||I?7y||^2^) with 
respect to the surface measure da^", which requires 

exp{pS{T])) e D1{X;R) such that g > l/(min{a, 1 + e}) (4.27) 

exp{p^\\Dr]\\l2H) & Dl{X;R) such that q > l/(min{a, 1 + e}) (4.28) 

Now, using Theorem 1.5 of we have rj S D^^i for all e' < e. Subse- 
quently using the above proposition together with the assumption involving the 
existence of exponential moments, we have exp {pS{r]j) , exp (p^||D7y|||,2//) & 
Df„ {X; R), such that p = {ff{e' ~ e"), where e" < e' . In order to satisfy ( [427| ) 
and (4.28), wc must choose e' and e" such that p < p^e"(e' — e"). □ 



Remark 4.5 Note that Theorem \4-3\ does not say that the Gaussian measure 
of the tube is given by the power series in (4.26). Rather, it gives conditions 
on the sets = F~^(\\) for which the coefficients in the power series are 
well-defined. Using these conditions allows us to define GMFs for level sets of 
functions that are not necessarily H-convex. However, for such functions we 
will lose the interpretation of the power series in (4.26) as an expansion for the 
Gaussian measure of the tube. This is similar to the distinction between the 
formal and exact versions of Weyl / Steiner tube formulae flSjj . 
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4.2 Change of measure formula: a Ramer type formula 
for surface measures 

After assuring ourselves of the existence of the surface Wiener measures, we shah 
now move onto proving a change of measure formula for the surface measures 



given by the equation (4.251 



As before, we shall start with a Wiener functional F e D^g(X;E'^rl so 



that we can define the surface measure using Theorem 4.1 Moreover, as in the 
previous subsection, we shall also assume that the set = fi^^iF'^ [ui) is a 
smooth fc-codimensional subset of the Wiener space X. 

In order to obtain a change of measure formula for the lower dimensional 
subspaces of the Wiener space, we shall start with the standard change of mea- 
sure formula on the Wiener space X. 

Let us define a mapping T^, : X ^ X given by T^(a;) = x + 'qx^ for some 
smooth rj : X ^ H . Moreover, let U be an open subset of X , and 

1. is a homemorphism of U onto an open subset of A", 

2. ?7 is an _ff valued map, and it's H derivative at each x € C/ is a Hilbert- 
Schimdt operator. 

This transformation induces two types of changes on the initial measure // de- 
fined on X. These two induced measures can be expressed as 

P{A) = ^i{T-\A))=T;^i{A) 
Q{A) = Ai(r,(^)) = 

for A a Borel set of X. 

Ramer's formula for change of measure on A, induced by a transformation 
defined on A and satisfying the above conditions, gives an expression for the 
Radon-Nikodym derivative of /.t o with respect to ^, and can be stated as 
follows 



dQ d{fi oTri) 
djj, dfjL 



{x) 



where, 5{rj) denotes the Malliavin divergence of an i?- valued vector field 77 in 
A. The proof of this result can be found in llj^ It is to be noted here that, 

for appropriately smooth transformations, a similar result for can be 

obtained by using the relationship between and given by 

dy^ ^ '^\ dfi ^ " 



° We shall impose further regularity on the functional F as and when required. 
''For the original paper we refer the reader to 1111 . and for a detailed study of general 
transformation of measure on Wiener space, we refer the reader to |22| . 
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Next, we shall use equation (4.2) to obtain a similar formula for measures 
concentrated on the lower dimensional subsets of the Wiener space, as defined 
in the previous section. But before that we first need to reformulate the surface 
measure as defined in (4.251. 



Theorem 4.6 Let F E (X; M'^) satisfies the conditions from Theorem 4.1 

and a,P and p he as given in (4.20). Then, there exists a sequence probability 
measures {v^'^}n>i defined on Borel subsets of X such that 

• the measures {t'^'"}n>i are absolutely continuous with respect to the Wiener 
measure fi, and 

• the sequence {j^^'"}n>i converges weakly to v^'^ . 

Proof: Let us choose a sequence of positive distributions on O given by C 
W^p{0), such that it converges to (5„ weakly in W^p{0), and that / VniO^S, = 1 
for all n > 1 Then define the measures v^''^ as 

G{x)v^'^(dx) = [ G{x)vr,(F{x))iji{dx), 

Pf[u) J 



for all measurable G on {X,fi). In view of (4.23) we can clearly identify the 
restriction of the measures i^^'" to D1{X;R) with {E^)*Vn- Now, by construc- 
tion, {{E^)*Vn}n>i converges to {E^)*5u in D^_^{X\W) and their limit is a 
non-negative generalized Wiener functional. Therefore, using Lemma 4.1 of 
[TH], we see that the measures f^'" converge weakly to v^ '^. □ 

Therefore, the surface (probability) measure of Z„, or the conditional prob- 
ability measure corresponding to {F = m}, for any u E O can also be defined 
as 

G*(a;)iy^'"(da;) = lim / G*(a;) = lim / G* {x)vJF{x)) p.{dx), 

n J n Pf(U) J 

(4.29) 

for appropriate class of Wiener functionals G, which, as is noted in Corollary 
|4.2[ depends on the regularity of F. 

Let us now define a mapping Tp^^i '. X ^ X given by Tp^^iix) = x + prjx, for 
some rj S -D^j^" [X; H). We shall study the change that the mapping Tp induces 
on the surface measure of F^^(u). In particular, we shall obtain a Girsanov type 
formula for the change of measure induced by the transformation. Note that 

Tp^^{F-\u)) = {x + pTj,:xe F-\u)} 

Set Fp,^ = F o Tp-) e D^_^-, so that 

F-;^{u)^Tp^,{F-\u))^Zy. 
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The corresponding area measure for Z'^'P can be identified for suitable G as 



■PF.Jn) / G*(2;)[deta^_(y)]i/2^^-^''(dy) 

Ih-n pF^ Ju) ( G*(y)[deta;^_(y)]i/2i.,f-'"(dy) 
" Jx 



X 



Now using the transformation y — Tp^^iix), and replacing the function G*(-) 
by G*(r~^(-)), and finally using the standard Ramer's formula from equation 
([X2|) we get 

G*{T-:,y)da'~- 

lim / G*{x)[detap^^{Tp^^x)Yl\AFp,rJ{Tp,^x))Y;\x)^l{dx) (4.30) 
" Jx 

lim / G^x)[AetaF^^^{Tp,,x)Y/\,,{F{x))Y^{x)^l{dx), 



X 

where, YP''^{x) is the Radon-Nikodym derivative of the measure o T^^^ with 
respect to the measure ^, and as a result of (4.2), can be expressed as 

Y;'{x) = |det2(/H + pVri{x))\ exp(-p<5(r;) - \p^H\]i). (4.31) 

Using the definitions of Fp, the surface (probability and area) measures, and 
finally, rearranging the terms we can rewrite (4.30) as 



G*{T-^y)da^^' 

= lim / G*{x)[dctcjF^^{Tp,^x)]^'^Y;j{x)v^{F{x)) p{dx) 
" Jx 

= lim Mu) /^G*(x)(^^^^^)'^V;(.)[detaHx)]i/^.f-(d.) 
= pAu) G* (x) ( '^"'2^altf ^ ) [^^^"^ ""^'"(^^^ 

(4.32) 

which proves the following theorem. 



Theorem 4.7 Let F G satisfy the conditions of Theorem 4- J o,nd rj G 

D^_^rAX;H) be such that 
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• (/ + prf) is one-to-one and onto when restricted to a domain B,j with 
complement having Cf capacity for all p; 

• (Ih + pV?]) is an invertible operator on H, when restricted to B^i- 
Then, 



- J^p:^- (4.33) 
Remark 4.8 1. In order to better understand the above theorem, we shall 



now try to simplify the expression involved in (4.33), for the simple case 
where F — 5{h), for some h € H, and r/ — VF — h, is a constant vector 
field. Clearly, V77 = implying DTp = DT^^ = Ih- Then the whole 
expression boils down to 

Jp^ ~ ^p{-^) 

= CXp(-p5(77)-p2||^||2^/2). 



2. The above expression in (4.33) can be rewritten as 



^ ( det {{DT-^}, (x) VF, {x) , DT-^}, {x)^F, (x)) g n 1/2 
-"^'^ ^ det{{VFi{x),VF,{x))Hh- I 



where DT^ ^ is the operator given by {Ih + pVr/) 



3. From the definition ofYp^{x), note that the expression in (4.33) is well 



defined as long as V?7 is a Hilbert- Schmidt class valued operator acting on 



H X H . Next, in order to be able to use the formula in (4.33), we need 
Jp'^ to be integrable with respect to the surface measure da'^" . These are 
precisely the conditions needed in Theorem \4-3[ Later, in Section we 
shall notice that due to a specific choice of F, these condition boils down 
to the integrability of (x) with respect to the surface measure da^" . 

4- Clearly, the submanifold Z^, and the corresponding surface measure da^'^ 
are not dependent on F, and can also be represented by some other func- 
tional, thereby implying that the above expression is independent of the 
choice ofVFi. Therefore, to make the above calculation simpler we can 
choose an appropriate functional F , such that {F {x) = v} = Zu, for 
some V e M.^ , and that {VFj} form an orthonormal basis of the normal 
space of Zu • 

5. Finally, we note that a^" o Tp^^ is defined only up to capacity Cf sets for 
any p. That is, C^{A) — implies a^" o Tp^,i{A) — 0. Hence, the image 
of the discontinuities of under Tp jj has capacity 0. Note the loss 
of one order of differentiability in the capacity. 
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4.3 The set and its tube 



Finally, wc shall define the class of sets for which we shall prove a tube formula, 
and therefore, define the GMFs. In our bid to keep the calculations much easier 
to handle, we shall restrict our attention to the unit codimensional case. 

As can be seen in the previous sections, wc have been defining the subsets of 
the Wiener space via Wiener functional. Continuing the trend, we shall start 
with a non-degenerate, Wiener functional F e £>^~(X;M), such that F is an 
iJ-convcx functional. 

We shall write A„ = F~^{—oo, u] for u £ O. This is an ff-convex set, and 
its boundary dAy, is a smooth unit codimensional submanifold of the Wiener 
space. 

The sets like A„, shall precisely be sets of our interest throughout the rest 
of this paper. We shall note here that, in finite dimensions, tube formulae are 
valid for sets with positive reach, and it is reasonable to conjecture that given an 
appropriate generalization of the definition of reach of an infinite dimensional 
set, such results may still be true in infinite dimensions. Whereas, for the sake 
of simplicity, we shall restrict our attention to iJ-convex sets. 

4.3.1 Description of the tube 

The local structure of the tube is determined by the local structure of A^. For 
each X G Au define the support cone 

Sx{Au) = {/i e -ff : for any d > 0,30 < e < 6 such that x + eh € A^} 

and its dual, the (convex) normal cone 

N^{Au) = [h€H: {h,h'} < Vft' e S^{Au)} 

where »Sx(A„) is the closure of Sx{Ay) in H. 

The following lemmas describe some of the properties of the tube around 
Ay,. For clarity we state the results only for the case of codimension 1, though 
similar statements hold for codimension k. 

Define the smooth points of F 

Sm{F) = L : VF{x) ^ 0,V/ii,/i2 € H^3en{hi,h2),i 

^ (4.34) 
such that lim T2{F, x, /ii, /12, £«) = > 

n— >oo J 

where 

T2{F,x,hi,h2,s) = F{x + hi) + e{VF{x + hi),h2)H+ 

e^{V'^F{x + hi), h2 /i2)h®h - F{x + hi + e/12) 

is the difference between the second-order Taylor expansion of F{x + hi+ eh2) 
evaluated ad, x + hi and its true value. 
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Lemma 4.9 Suppose F e Then, 

CP {Sm{Fy) = 0, Vp. 

At every x G dA^ n Sm{F), 

N^{A^) = {cVF{x) : c > 0} . (4.35) 

Proof: The first conclusion follows essentially directly from Corollary |3.11[ 
Suppose now that x e Sm(F). Then, for any h _L Vi^(x), \\h\\ < K we can find 
a sequence Hoc 9 hn h satisfying (/i„, \'F{x))h < —l/n. Because the 2nd 
order Taylor expansion holds at x we see that hn G Sx{Au) for all n. Hence, 
h G Sx{Ay). This is enough to conclude that any 77 e N^{Ay) is parallel to 
VF(x). It is not hard to see that it must therefore be a positive multiple of 
VF{x). □ 

Lemma 4.10 Suppose F G £'2+! H-convex. Then, for each r > 0, the 
restriction of 

a; a; + r\J F{x) F{x)\\ = a; + rrj^ 
to Sm{F) n dAu is one-to-one in the sense that for each x e Sm{F) D ^A^^ 

{y e Sm{F) ndA^:\\y-{x + rr].^)\\H < r} = 0. 

Proof: Given x G Sm{F)r\dAu, suppose such a y exists with \\x-\-rrix —y\\ < r. 
As 2/ is a smooth point of F, we can find some h € Hoo such that ||x + r?7:r — {y + 
h)\\H < r and F{y + h) < u with F continuous aX y -\- h. Choose v{x, y) e -ffoo 
such that X + v{x,y) is arbitrarily close to y + h. Then, by continuity of F on 
Sm(i^), F{x-i-iy{x,y)) < u and \\x-i-rT]^-{x + iy{x,y))\\H = \\rr]x-'^{x,y)\\H < r. 
Note that this implies {v{x,y),r]x)H > 0, or, alternatively v{x,y) ^ Sx{Au). 

Now consider the restriction of F to the line segment joining [x, x + v{x, y)], 
denoted by 

f{t)=F{x + t{x-v{x,y))), Q<t<l 

which, by Remark |3.13| is continuous, twice-differentiable and convex on a dense 
subset of t G [0, 1] hence we can find a continuous, twice-differentiable convex 
function / on all of [0, 1] that agrees with / on this dense subset. 

There are two possibilities, the first being that fit) < u for all t E [0,1]. 
This would imply r/{x,y) £ 5x(A„) contradicting our previous observation. The 
second alternative is that there exists t such that f{t) > u. However, /(O) = 
u, / (I) < u and this would violate convexity. By contradiction, there can be no 
such y. 

This proves the assertion that there are no points y of distance strictly less 
than r to X -\- rrjx- Now, suppose there exists a smooth point y ^ x oi distance 
exactly r from x + rrjx ■ Then, for any 5 > it is not hard to show that 

\\y - {x + {5 + r)rix)\\H <5 + r 
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but we just proved that there can be no such y. □ 

We are now in a position to define the tube 

Tube(A„, p) = {y e X -.Bx e A^,\\y - x\\h < p} 
^{yeX:dH{y,A^)<p} 

where the distance function is defined as 

dH{y,A^)^ inf \\h\\H. (4.37) 

The level sets of the distance function are hypersurfaces at distance r 

dA[^ = {y^X: dniy, A^) = r} . (4.38) 
Lemma [4.101 asserts that the restriction of 

X 1-^ X + rrjx 

to A„nSm(F) is one-to-one. On the image of Sm(F), its inverse is easily defined 

x + rrjx^ {x,T]x) 



and, as noted in the remarks following Theorem 4.7 the image of dA^ n Sm(F) 
has C|'-capacity 0. Hence, up to a set of Cf -capacity 0, it is a bijection and 
Theorem 4.7 can be applied to study the surface measure of dA\^. 

Moreover, the following theorem further corroborates the fact that the change 
of measure formula established in Theorem 4.7 is the appropriate result to use 
in order to obtain a tube formula, as will be seen later. 

Theorem 4.11 Let Cf^{A) = 0, then under hypotheses (H2) and (H3) of 
m, for ei < e 

Cr^-{A + BH{Q,r)) = Q, 
where _B/f(0,r) is a hall in H centered at with radius r. 

Since, capacities are continuous from below, it suffices to prove that (^4© 
^£;„(0,7')) = 0, for each n, whenever C^~{A) — 0, where S_B„(0,r) is a ball 
of radius r, centered at 0, in the vector space En = span(ft,i, . . . ,/i„), where 
{hi}i>i is the orthonormal basis of H. Also, note that the proof is given for an 
open subset A of the Wiener space X, but using the arguments of [13], we can 
extend it to general subsets of the Wiener space. 

Before embarking on proving the above theorem, we shall, first, obtain some 
estimates on functionals derived from the Wiener functionals. 

Let eA be the potential equilibrium of A, and 

A®BEAO,r) = {{A+{s,h^''^)) : s G Br™ (0, r)}, 

where (s,ft-^"^) — ^^^iSihi. Further for later part, we shall denote /„ C 
i?Rn(0, r) as the set of all rationals in the set i?Rn(0, r). 
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We shall start with a technical result, which is, essentially, an extension of 
Theorem 2.1 of [H], and is stated belov^ 

Theorem 4.12 Let f e DP{X) for a £ (1/p, 1), and M" 9 i i-^- ^(t, •) = 
/(• + (t, such that \t\ < T, for some fixed T i.e., t belongs to some large 

enough cube. Then for all p' £ {l/a,p) there exists aC — C{p,p' ,a,T), .such 
that 

\m-m\\p' <c\\f\\p.,,\t-sr. 

Proof: Before we shall start proving the above result, we shall recall that the 
estimates of Lemma 4.1 of jT2 j remain unchanged in our setup. Now we need 
an estimate analogous to the one obtained in Lemma 4.2 of [H], for which we 
recall the Ramer's change of measure formula, 

|lG(. + (t2,/i(")))-G(. + (<i,/i(")))||p, 

- I|G(- + l{ti + hM''^) + h, - G(. + \{ti+ h, h(-^) -l{t2- ti,h^"^)%, 

= ( / |G(x+^(^2-^l,/^(")))-G(x-^(^2-^l,/^(")))r' 

exp(- ^ II ^ 1 + t2 , ) 1 1 1^ - 5( ^ (i 1 + t2 , ) ) Mdx)) '^"^ 

(4.39) 

Now writing /ii = ^^^{t^-t,, hS^^) , h^ = ^^(ii+t2, M")), and Y^'^^^^^^^, = 
exp[— ^11 fe2Hg — S{ 2*^^ ^2)], we can rewrite the above as 

llG(. + (<2,/i(")))-G(. + (<i,/i(")))||p, 

= ( / \Gix+^-\t2-t,\h,)~G{x-ht,-t,\h,)f X Yl^^^^^^^/^ix) tiidx)^^ 

(4.40) 

This reduces the above expression to the case dealt in [T^]. Therefore, using 
the rest of the calculations of Lemma 4.2 of [12], and writing G = Taf , where 
{Ta\a>o is the semigroup associated with the Ornstein-Uhlenbeck operator L, 
we get the desired estimate expressed as 

\\Taf{- + {t2, h^''^)) - Taf{- + (tl,/l(">))||p' < C{p,p\a)\\Taf\\pS \t2 " tl | ■ 

Thereafter, we can mimic the proof of Theorem 2.1 of [H], and get the desired 
estimate. □ 

Now coming back to our case, ca € , therefore there exists a € L°°~ , 
such that 

eA^il- L)-^'^VA = (/ - L)-^-/\,.,,).A, 

^''We shall note here that the assumption (A), needed to prove Theorem 2.1 in |12| . holds 
automatically for our setup, as is noted in Section 3 of I12| 
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where ei is some number strictly smaller than e, and L is the Ornstein-Uhlenbeck 
operator. Then, clearly, 



eA 



Now, writing ^t) = eA{- + {t, /i'"))), and C(e-.i)(^) = He-e,),A{- + ^*"^)): and 
also, in the process, choosing the appropriate quasi-continuous redefinitions of 
the processes ^ and and choosing a large p' (conditions on p' will appear 

later), such that By Kree-Meyer inequalities, we have 



< 



C||^(,_,,)(i)-^(,_,,)(s)|lp- 



(4.41) 



Now using the above theorem with / replaced by vi^^_^^) Ai we get 

= C\\eA\\p,e\t-s\'^'-'''> (4.42) 
where p' G ij,p)- Combining, ( 4.41[ ) and (4.42), we get 

\\m~as)\\p',..<C\\eA\U\t-s\^^-^^\ (4.43) 
which can be rewritten as 

\\m~as)\\i,,,. 



sup 



< CWeAVp, 



(4.44) 



Now we can list the assumptions on the various indices as follows: we start with 
any fixed ei < e, then choose a large enough p such that (e ^ ei) G (l/p, 1), 
and then we choose p' such that p' S (l/(e — ei),p) and p'{e — ei) > n. This 
can be achieved by choosing p and p' of the order of n, in particular, choosing 



p : 



and p' 



fen 



for a > b will do. 



Now using Theorem 3.4 of Shigekawa [H], we get 

Cl(sup\m~m\) <C\\eA\\C 



(4.45) 



Proof of Theorem 14. lit Now let us consider 



CP(A©Ss„(0,r)) 



CI 



CI 



< CI 



< CI 



< CI 



U 

seBf^,^(0,r) 



sup l^(. + (s, /»(")))) 



supeA(- + (s,/i("^)) 
se/„ 



sup f(s) 



as eA > 1a 



sup |^(s)-e(o)i + ie(o)i 

seBH,^ (0,r) 



(4.46) 
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Now using (4.45), we shall get 

a (a® Be AO, r)) < C^f sup - ^(0)1 + |C(0)|) 

< (C+l)||e^|l^;, 

= (C + l)(Cf(A))'^, 

which proves that C^~iA ® B_B„(0,r)) = 0, for all p > n{e - ei)"^ Now by 
the definition of the capacities and the hierarchy of the Sobolev spaces, we shall 
have {A ® Be„ (0, r)) = 0. Thereby proving the result. □ 

Using the definition of the smooth points Sm(F), and the tube Tube(^„, p), 
we can conclude that, 



Tube(A„,p) = A^®BHiO,p) 

= {iAunSm{F))®BH{0,p)) 

u{{Aun{Sm{F)Y)OBH{0,p)) 

But, using by the above calculations, we have 

Ai(Tubc(A„,p)) = p{{A^nSmiF)) ® B„{0,p)), 



(4.47) 



(4.48) 



since, Cf^{{Ay, n {Sni(F)}^) Bh{0,p)) — 0, implying that the ^-measure of 
the set is zero. Therefore, it is enough, for the tube formula, to consider the 
set {{Au n Sm(_F)) © Bh{0, p)), on which the transformation x x + rj^ is well 
defined upto Cf-zero sets, and hence we can use the change of measure formula 
for the surface areas given in Theorem |4.7[ 



5 A Wiener tube formula 

After setting up the basics, definitions and the conditions, concerning a tube 
formula in the Wiener space, we shall finally prove one of the main result of this 
paper, which can be stated in the form of the following theorem. 

Theorem 5.1 Let F E D^^{X;M.) be an H-convex Wiener functional such 
that it satisfies all the regularity conditions of Theorem 4-3, and A^ — F^^{~oo, u], 
then 

OO j 

M(Tube(A„, p)) = X(;(A„) + ^ ^M^{A^), 

where M'^iA^) are the infinite dimensional versions of Gaussian Minkowski 
functionals, and as usual A^q(Au) = p{A-a). 

Proof: Let us start with recalling the definition of the outward pointing normal 
space Nx{Au) from (4.351, and writing N{Au) = yJxeA„Nx{Au)- Then, let us 
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define a distance function, dA„ ■ Tube(^„, p) — > K, such that for x E Tuhe{Au, p) 
writing the "residual" as 

= argmin d{x - rt], Ay), 

rSK; veN{Au) 

the distance function d^^ is given by 

dA„i^) = \\fx\\- 

Clearly, from the above definition, (i^^(O) = A„. Also, we can further express 
Tube(A„, p) as the disjoint union of A^ and Tube^(9A„, p), where Tube^(9^„, p) 
Tuhe{dAu, p) n A^. Thus, 

fi{Tuhe{Au, p)) = p{Au)+ piTuhe+idAy,p)) (5.49) 

Now using the Wiener space version of Federer's co-area formula as it appears 
in we shall obtain 

/x(Tube+(9^„,p)) = -E(lTubo+ (9A.,p)) 

rP 



{ad^ {x))-'da'' ""-dr, (5.50) 

where, d'^A!^ — d~^^{r) n A^, are the level sets of the distance function in 
the outward direction. 

Now note that, VdA„ = hence cr^^ {x) = 1. Then let us define the 
transformation T^^^ : X ^ X, such that its restriction to A^ is given by 

Tr,ri{x) — X + ri]. 

Clearly, Tr,,j{dAy) — dA!^. Then, we shall use our change of measure formula 
for surfaces on /(j-ij-^-j, to further simplify the expression in (5.501 to obtain 

/i(Tube+(9^„,p)) = / J^^-da^^-dr 

Jo J A„ 

da^^" dr 



Q J A„ 
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where terms J^^" and are as they appear in Theorem 

Now using a Taylor series expansion for Y^ with respect to r, we can rewrite 
the above expression as 



M(Tube+(aA„,p)) 



E/ / ^^(det2(/ff + rV77)exp(~r%)-rV2)) 



3=0 



^ rP + ^ r d^ / 



da^^" dr 



r=0 

(5.51) 
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We note here that p must be within the radius of convergence of the Taylor 
series of , which in turn will ensure the convergence of the above series. 



Finally, plugging the above expression in (5.49), we get, 
Ai(Tube(v4„,p)) 

- + f2^J^£j (det2(/H + rWv) exp{-r6{v) - rV2)) 

(5.52) 

The above expression can be rewritten as, 



da' 

r=0 



M(Tube(A„,p)) = /x(A„) + V ^M'^iA^), 

^ — ' TV. 



where 7V1^(A„) are Gaussian Minkowski functionals of the infinite dimensional 
set Au-, given by 

^ — (det2(/ff + rV7?)exp(-r<5(77)-rV2)J ^^^da^^". (5.53) 

which proves the theorem. □ 



Remark 5.2 Let F = (Fi, . . . ,Ffc) G £)^7(X;M'=), such that each F, is an H- 
convex Wiener functional. Then a similar tube formula can be proven for higher 
codimensional sets of the form A^ — ni<i<fcf ~^(— cx), Ui) for u — (ui, . . . , Ufc) 6 
O, with appropriate modifications to the definition of Gaussian Minkowski func- 
tionals. 



6 Applications 

In this section, we shall invoke the existential results from the previous section to 
obtain, a kinematic fundamental formula similar to the one obtained in Theorem 
15.9.5 of [2', though, for a larger class of random fields. 

To start with, let us consider a real valued random field / defined on a 
compact Riemannian manifold M, equipped with a metric r. Then the modulus 
of continuity S, of a function F : A/ — > M, is defined as 

Ef{7^)^ sup \F{x)-F{y)\, 

r{x,y)<r] 

for all > 0. 

Continuing the setup introduced in the examples stated in Section [l] we 
shall consider a specific class of random fields / which can be represented as 

/(^) = E / V,{Bt{s))dB^{s), (6.54) 
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where the integral is to be interpretted in the ltd sense, and each : M — > K 
are smooth functions, and B^{s) = {Bf)fLi is valued, zero-mean Gaussian 
process whose covariance is given by 

E{Bf{s)By{t)) - {sAt)a,{x,y) = {sAt)C{x,y), (6.55) 

where C : M x M ^ R is a, smooth function, such that for each fixed t e [0, 1], 
the field B'{t) is an isotropicp^ Gaussian field over M (see Sections 5.7 and 5.8 
of 0). 

The spatial derivative of such a random field / is given by, 

N I N I 

V/(a:) = ^ / VV.{Bf{s))yBt{s) dB^s) + ^ / V,{B^{s) dVBf{s). 
i=l -^0 ,=1 ^0 

Similarly, we can obtain expressions for derivatives of higher order. 

Before we embark upon proving the main result of this section, we shall 
impose some conditions on the functions and the Gaussian process B''^{t). 

(Al) All the Vi, 1 < i < N are C^, which is the class of all 4-continuously 
differentiable functions. 

(A2) Writing V'^'^^ as the fc-th derivative of y for fc > 1, let us define 
a{k,s,x,y)= sup v}''\aB'={s) + {l-a)By{s)), 

0<a<l 

for any x,y E M and fc = 0, 1, 2, 3, 4. Then, for some p ^ dim(M) and 
forani = l,...,iV, 

sup ||Ci(fc, s,a;, = Ci^k{x,y,p) < oo. 

0<s<l 

Also, sup^-iy Ci^k{x,y,p) < oo, for all k = 0,1,2,3,4. Note that this is 
satisfied whenever the Vi^s are with polynomial growth. 

(A3) For each r > 1, there exists a constant m,-, such that 

£;|B^(s) - B2'(s)r < mr\x - yr, VO < s < 1, 

where to^ depends solely on r. 

(A4) All the above assumptions also hold true with i?^(s) replaced by Vi?^(s) 
and \i'^B^{s), respectively. 

Next, we recall the definition of an excursion set corresponding to a field 
f : M ^R,as 

AM;M)^{xe M : fix)>u}. 

Also, note that writing F{lu) — V{ujs) dujs, one can consider the random field 
defined above as f{x) — F{B^). 

^^To see how isotropy makes the calculations much simpler, we refer the reader to Section 
12.5 of [2]. 
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Theorem 6.1 Let M be a m- dimensional manifold, and f be a random field 



defined on M ,and represented as in (6.54), and satisfying the conditions (Al) — 
(^4). Also, let f{x) and V/(a;) be nondegenerate in the sense of Malliavin, for 
some X € Aip^ and that the corresponding Wiener functional F, satisfies the 
exponential moment condition specified in Theorem 4-3 Then writing as 



the excursion set for the random field f, and Ci{-) as the i-th Lip schitz- Killing 
curvature, 



E{CoiAM; M))) - ^(27r)-^/2 C,{M) M^^{F-'[u, oo)), 



(6.56) 



where F ^{[u, oo)) is a subset of the Wiener space X with A4j as its GMF, as 
defined in the previous section. 

Before we start proving the theorem, we shall try to argue in favor of the 



above expression. Note that the LHS of (6.56) is additive in the index M, and 



that it is invariant under rigid transformations of M . Now we shall recall one of 
the best known results in integral geometry by Hadwiger, which characterizes 
such set functionals, and the proof of which can be found in [B]. 



Lemma 6.2 Let ijj be a real valued function defined on basic complexeq^ 

in M.^ , invariant under rigid motions, additive, in the sense of measures, and 
monotone, in the sense that for all pairs A, B, either A <Z B ^ V'(^) ^ V'(-S) 
orACB^ il;{A) > ip{B). Then 

K 



V'(A)-^a,/:,(A), 



where oq, . . . , ax are nonnegative (^f)- dependent) constants. 

Clearly, the mapping M i-^ E{£o{Au{f, M))), seems a reasonable candidate 
to apply the above lemma, if only we could prove that the mapping is monotone. 
However, since we have not established monotonicity (in M) of E{CQ{A.a{f, M)), 
therefore, we shall use a different technique to establish the same result, namely 



that an approximation to the LHS of (6.56) has the form of the RHS, and that 



this approximation of the RHS indeed converges to the RHS. 

At this point, we note that all all the results obtained below are for the 
case of = 1, whereas the using the similar methods, same results are true for 
general N. We shall start proving Theorem |6.1| by first listing some regularity 



properties of field / defined in (6.54), in the form of the following theorem. 



Theorem 6.3 Let the random field f be as defined in (6.54), such that it also 
satisfies (Al) — {A4), then 



^^For an isotropic random field, nondegeneracy of the field at some point on the manifold 
is equivalent to the nondegeneracy of the random field at all points on the manifold. 
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For precise background and definitions concerning basic complexes, we refer the reader to 
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(a) F G and under the assumption of nondegeneracy of F, the 

density pf of F is bounded, 

(h) f is continuous, and that for any e > 

P(S/(r;)>e)=o(7y<i'-W) asr^iO, 

Also, same is true for V/ and V^/. 

Proof: Recall that F = V{B{t)) dB{t),and DF e H, the Cameron-Martin 
space corresponding to Co [0,1]. Therefore, by definition, there exists a unique 

(Z3>) e i^([0, 1]) such that D^F = iDF)ir) = J^{DlF)ds, where r)F is the 
time derivative of DF. Using this notation we shall have, 

(D'rF) - V{B{r)) + f V^'\B{t))l[o,t]{r)dB{t), 
Jo 

{DsiD'rF)) = l/«(B(r))l[o,,](s) + yW(B(s))l[o,,](r) 

+ / V^'HBit))l[o^t]ir)l[oM')dB{t) 
Jo 

Clearly, due to the moment conditions imposed on V and its derivatives, we can 
conclude that F G (X-.M.), and the boundedness of the density pp follows 
using Proposition 2.1.1 of j9j. 

Now to prove continuity of / and it's derivatives, we shall use Kolmogorov's 
continuity criterion. Note that, although, Kolmogorov's continuity criterion is 
usually stated for processes with Euclidean parameter space, but since it is a 
local result, thus, it can easily be extended to processes defined on smooth Rie- 
mannian manifolds, as locally (using the charts), the manifolds are Euclidean. 
Therefore, we present the proof of continuity related results for the field f o(j)~^ 
where (j) is the local chartp^ but wc shall suppress the chart map, and will write 
/ for both the field /, and its counterparip^ / o i/)"^. 

In order to use Kolmogorov's continuity theorem, we must obtain esti- 
mates for (/(x) — f{y)). Writing V* as any antiderivative of V, we have 

y*(B^(l)) = F*(B^(0)) + /" V{B''{s))dB''{s)+ [ V^^\B''{s))ds. 

Jo Jo 

^*Charts for an m-dimensional manifold M are a collection of maps {4>j} together with 
an open cover of the manifold M, such that ij>j : Uj M™, together with some consistency 
conditions. 

^^This notation is unlikely to cause any confusion as smoothness of / implies smoothness 
of / o <ji~^, and vice versa, as long as the chart cj> is smoother than /. 
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Thus, for p > 1, there exist mi^p and m2,p such that 



= E\f{x)~fiyr 

< mi,pE\V*{B-{l)) - V*{By{l))\P + m2,pE [ (V^^^B^s)) ~ V^^\By{s))) ds 

Jo 

< mi.pE supF[aB^(l) + (1 - a)S^(l)] x - 5^(1)) 

+ m2,p f E\V^^\B-{s))^V^^\By{sWds 
Jo 

<m^^pE\C{QXx,y){B-{l) - By{l))\P 

+ m2,p / E\C{2,s,x,y){B'-'{s) - By{s))\P ds. 
Jo 

Now choosmg pi,p2 > such that p^"^ +P2^^ = P^^, we get 

\\f{x)~f{y)\\l 

<mi,p(||C(0,l,.T,2;)||pJ|S-(l)-i?^(l)||p,)^ 

+ m2,p / {^C{2,s,x,y)\\p,\\B-{s)-By{s)\\p,Yds 
Jo 

<TOi,pCo(a;,y,pi)P/fimP/f^|x-y|P 

+ m2,pC2{x, y,piY'P'ml{P-\x - y^. 

Next, fixing 

M(p,pi,P2) = sup (mi,pCo(x,y,pi)f/''imP/f^ + m2,pC2{x,y,piY'P^ml'/- 
we have 



\\f{x) ~ f[y)\\ < M{p,p^,p2)\x - y\P (6.57) 

Now for p large enough, we can use Theorem 1.4.1 in |2l, to deduce that there 
exists /, which is the continuous modification of /. Abusing the notation, we 
shaU write / for /. Also, using the same result, we can infer that the modulus 
of continuity of / satisfies 



P{Ef{7j) > e) = o{i 



- ^r„dim(A/) 



) as T] 10, 



for any e > 0. 

Note that we needed supremum of 02(2;, y) to be bounded to prove the con- 
tinuity of /, and to control its modulus of continuity, we can further infer that 
the conditions stated in (Al) — (A4) suffice to obtain similar results for the 
modulus of continuity of V/ and V^/. □ 
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Recall from [2] that Cq, also known as the Euler-Poincare characteristic, of 
the excursion set Au{f; M), can be expressed a^^ 

m 

£o{Au{f;M)) = ^(-l)'=#{xeM:/(a;)>w, V/(a;)=0, index(VV) = fc} 

fc=0 

Next, we shall state the most important result for proving a GKF, called the 
the expectation metatheorem, which can be stated as follows, and the proof of 
which can be found in Theorem 11.2.1 of [2;. 

Lemma 6.4 Let M and B be subsets ofR^'" and , respectively, such that, 
DM and dB, boundaries of the sets M and B have finite {K — 1) and {K' — 1) 
dimensional HausdorfJ measure, respectively. Also, let G = {G^,...,G^) and 
H — {H^, . . . , ) be two N parameter random fields satisfying the following 
conditions 

(i) Continuity: G, VG, H are almost surely continuous, and have finite vari- 
ances. 

(ii) Moduli of continuity: The moduli of continuity 5 with respect to the 
Euclidean norm of each component G, VG, H satisfy 

P{E{ri) > e) = 0(77^) as r/ i 

for any e > 0. 

(Hi) Marginal densities: For all x € M, the marginal densities PG(x){y), 
PVG(x){y) md pH{x)iy), ofG(x), 'S/G{x), andH{x), respectively, are con- 
tinuous, for each x € M . 

(iv) Conditional densities: Let us assume that the joint density of [G, VG, H) 
exists, and that it is positive on the set O. Also, assume 

— existence of the conditional density Pq(^^-^\^qi^x'^hi^x'^(u\v,w), and con- 
tinuity in u. 

— continuity in v andw of the conditional densift/P(3(^-)|vG(a;),ff(a;)(^^l^^i 
in the set O. 

— continuity in v and w of the conditional '^e'^s*^^ PcietVG(x)|G(2:)(^l") 
in the set O. 

— continuity in v and w of the conditional density Ph{x)\g{x){w\u) in 
the set O. 

^^This particular disintegration of the Euler— Poincare characteristic is based on the assump- 
tion that the underlying random field is a Morse function. For a detailed account of this and 
more, we refer the reader to Chapters 8 and 9 of [2]. 
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(v) Moment condition: 



sup max E\G](x)\ < co, 



Then, writing N^^ for the upcrossings defined below 

Nu = iV„(G, H : M, B) ^ {x e M : G{x) = u G M^^' and H{x) e B C M^"}, 
we shall have 

EiN^) = / E{\deWGix)\ lB{H{x))\Gix) = u) Pg(,){u) dx. 

JM 

Now replacing G and H by V/ and {V^f, /) respectively, and B by Dk x 
[u, cx)), where Dk is the space of m x m matrices with index k, we can obtain a 
formula for the expected value of /ife as defined above. However, in order to use 
the above theorem for our purpose, we first need to check the regularity condi- 
tions involved in the above theorem. Conditions (i) and (ii) are consequences 
of Theorem 6.3 whereas condition (Hi) is a simple consequence of the Sobolev 
smoothness of the random fields / (cf. [8] or [9|), and (v) is trivially satisfied 
due to the smoothness of the field. Finally for conditions [iv), we shall state 
the following result from [lOj . 

Lemma 6.5 Let {F^, . . . , F"") and {G^, . . . , G^) be elements from Sobolev space 
D\ of the Wiener space, such that the Malliavin matrices of the augmented vec- 
tor {F^ , . . . , F"', G^, . . . , G^) and {G^ , . . . , G'') have positive determinant. Then, 
there exists a conditional density for the law of (F^, . . . ,F"') given the a -field 
generated by (G^, . . . , G^). 



Thus, using the above lemmas together with Theorem |6.3[ we can write 
E{Co{Au{f-,M))) 

N 

= ^(-1)'= / i?(|detVV(a:)|lD.(VV(a;))lKoo)(/(x))|V/(a;)=0)pv/(.)(0)dx 



M 



£;(det(-V2/(a:))lKoo)(/(a;))|V/(.T) =0)pv/(.)(0)dx 



(6.58) 

Next, in order to construct an approximating sequence to the LHS of (6.56), 
and appeal to the earlier results in [2] , we shall use a cylindrical approximation of 
f{x). Writing 7r„ as a sequence of partitions of the set (0, 1], given by {{i/n, {i-\- 
l)/n]}"ZQ^, with the size of the partition 7r„ going to zero as n — )■ oo, let us define 

= J2 V{B-{iln)){B-{(z + l)/n) - B-{z/n)). 

i=0 
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Standard results from stochastic analysis ensure the convergence of fn{x) to 
f{x). Moreover, note that {B''{{i + l)/n)- B'-^{i/n))"~f^ forms an i.i.d. < i < 
(n — 1). Therefore, we can write 

/n(x) = F„(yi")(x),... 

where y[^\ix) are i.i.d. with the same distribution as ^/n{B^{{i + l)/n) — 
B^{i/n)), and F„ is a real valued function, given by 

n z — 1 

Fnivi,..., Vn) = Y.^{n-^'' E 

i=i j=i 

Under the conditions imposed on / for the expectation metatheorem to be true, 
/„ also becomes a valid candidate to apply the metatheorem, thereby giving us 



N 

= E / i?(det(-V2/n(2;))lKoo)(/(a^))|V/„(x) = 0)pv/„(.)(0)rfx. 



N 

(6.59) 

Using Theorem 15.9.5 of [2j for the random field /„, we shall have 

m 

E{Co{AMn;M))) - E(27r)-^/2/:,(Af)X^^(F-i[w,(X))), (6.60) 

j=o 

where F~^[u, oo) is a subset of M". 

Theorem 6.6 Let {Gn}n>i be a sequence of real valued Wiener Junctionals, 
such that Gn belongs to the n-th Wiener chao^^ and Gn —^Gin D'^~ , for 
some G € D'^^ . Also, let that each G„ and G satisfy all the assumptions of 
Theorem 



4.3 then M'l''iG~^[u,oo)) M^-{G'^[u,oo)), asn^oo. 



Proof: Let us start with the definition of the GMFs in Theorem 4.3 and we 
can conclude that it suffices to prove the following 



det2(/H + rDr^r.) exp ( - r,5(77„) - ^r^) da^-'^") 

/ det2{lH +rDr])exp{-r6{7j) - ^-r^) da^''^''\ 
Jg-^u) 2 



G-i(«) 



where rj = DG/\\DG\\h and ?7„ = DGn/\\DGn\\- Together with the fact that 
the densities pg„ converge to pa, the density of G, the above can further to 
simplified to proving 

([det(aGj]^/Met2(/H + ri?ry„)exp(-r^(77„) - K^)) 

^ £;«="([det(aG)]'/'det2(/if +ri?r;)exp(-r(5(77) - ^r^)). 



'We have used the definition of the n-th chaos as it appears on p. 17 of 
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Now using the relationship between the conditional expectation and positive 
gen eralized Wiener functionals from Section [4] in particular recalling Theorem 
and writing An = ([det((TG„)]"^/^det2(/i/ +r£)?7„) exp(-r(5(?7„) - ^r^)), and 



4.1 



similarly defining A, let us consider 



\E 



G^=u 



An - E^=''A\ 



= \E{An5uoGn) - E{A5^,oG)\ 

< \E{An 6n{Gn)) - E {An S^{G)) \ + \E{An 5„(G)) - E{AS^{G)) I 

- W^nW jyp/(p-i)\\Su{Gn) - ^m(G)||£,p^ + \\An - A| | ^p/(p- 1) 1 1 (5„ (G) 1 1 £|P ^ , 

°(6.61) 

where we recall Theorem |4.1| for definitions of p and a. We also note that, 
since G„ and G are elements of , and that they are non-degenerate, ex- 
istence of such p and a is ensured. Moreover, since G„ — > G in D'^~ , it's 
easy to see that sup„ || A„|| „p/(p-i) < oo, and \\An — A||„p/(p-i) — > 0. Also 



||<^«(G„) — Su{G)\\ijp -> 0, which proves the result. 



□ 



Proof of Theorem |6.1| continued: Extending Fn from M" to R°°, or 
equivalently to X, by suppressing all the indices after the first n, i.e., considering 
Fn as cylindrical Wiener functionals. Then, by using the invariance property 
of GMFs, the -Mj^s of the extended F„ remain the same as that of F„ when 
restricted to M". Together with this, using the fact that F„ converges to F in 
we clearly have 



lim X^(J^-i[u,oo)) =X^(F-i[u,oo)), 



(6.62) 



Therefore, using (6.60) and (6.62), we shall have 

N 

lim E{Co{Au{fn;M))) c,£j{M)M';iF-^[u,^)). 

J=0 



(6.63) 



Now, it suffices to prove that the right hand side of (6.59) converges to the 



right hand side of (6.581. Clearly, 

lim pvfAv) ^Pvf{v), 



(6.64) 



which follows from the fact that V/„ converges to V/ in a much stronger sense 
as is clear from the assumption /„ — / in D^g. 
Next, we need to prove 



\E{\deW^fn{x)\ lz5,(V2/n(x)) l[„,oo)(/n(x))|V/„(x) = O) 

- E{\deW'f{x)\ Id, (VV(x)) l[„,oo) if{x))\Vfix) - O) | 
^0, 



(6.65) 



which is similar to the proof of Theorem |6.6| Using precisely the same tech- 
niques, and writing B„(x) = {\deW^ f n{x)\lDkC^^ fn{x)) l[u^oo){fn{x))) , and 
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defining B{x) in a similar fashion, wc have 

= \E{B^{x)5a[V Ux))) ~ E{Br,{x)6o[Vf{x)))\ 

+ \E{B^{x)5o{Vf{x))) - E{B{x)SoiVf{x))) \ 
< ||i?„(x)|Lp/(,-i,||5o(V/„(a;))-5o(V/(x))|Up 

+ \\B„ix) - B(x)|Lp/(p-i,||,5o(V/(x))||lp, 

(6.66) 

which, under the assumptions of fn{x) — > f(x) in D'^~ , and non-degeneracy of 
V/(x), converges to zero as n — >■ cx). 

This proves that the integrand of ( 6.59[ ) converges to that of (6.58) for each 



x £ M. 



Finally, in order to prove that the integral involved in the equation (6.591 



converges to the integral in (6.58), note that the random fields /„ and / defined 



on the manifold M are chosen to be sufficiently smooth so that we can use 



uniform integrability argument to conclude that the right hand side of (6.591 



converges to the right hand side of (6.58). Therefore, we shall have 
E{Co{Au{f;M))) = lim E{CoiAMn;M))) 

n— ^oo 

m 

= limY^c, C,{M)M';{F-^[u,^)) 

n— vcso ^ — ^ 
m 

= ^c,£,(M)X;(F-iKoo)), 

where in going from first line to the second, we have used the finite dimensional 
results set forth in [2], and in going from second to the third line we have used 
Theorem iMl □ 



Remark 6.7 Using a Gaussian Crofton formula as it appears in Chapter 13 of 
l^, we can extend Theorem 



6.1 to C,iAuif;M)) as 



E{C,iAM;M)))^Y. 



i + j \ oji+^ 



J J ^iCOj 

where oji is the volume of a unit ball in 
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